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Abstract
We develop a relativistic free wave equation on the complexied quaternions, linear
in the derivatives. Even if the wave functions are only one-component, we show that
four independent solutions, corresponding to those of the Dirac equation, exist. A
partial set of translations between complex and complexied quaternionic quantum
mechanics may be dened.
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1 Introduction
In physics and particularly in quantum mechanics we are accustomed to distinguish-
ing between \states" and \operators". Even when the operators are represented by
numerical matrices, the squared form of operators distinguishes them from the col-
umn structure of the spinor states. Only for one-component elds and operators is
there potential confusion.
In extending quantum mechanics dened over the complex eld to quaternions [1, 2, 3]
or even complexied quaternions [4] it has almost always been assumed that matrix
operators contain elements which are \numbers", indistinguishable from those of the
state vectors. This is an unjustied limitation.
As the title of this paper indicates, we shall display a one-component Dirac equa-
tion which has only the standard solutions and thus avoids the doubling of solutions
found by other authors who used complexied quaternions. This is achieved by the
introduction of H-real linear complexied quaternions within operators.
After dening quaternions, complexied quaternions and their generalizations we
will give the simplest example of their use (namely the one-component Dirac equation)
and will introduce another fundamental ingredient, that is the scalar product, in order
to formulate quantum mechanics.
In 1843, Hamilton [5], after more than a decade of attempts to generalize complex
numbers (seen as a representation of rotations in two dimensions) in order to describe
rotations in three dimensions, discovered quaternions. Instead of an entity which he
expected to be characterized by three real numbers, the Irish physicist found that
four real numbers were required. He wrote a quaternion such as
1
q = a+ Ib+ J c+Kd ; a; b; c; d 2 R ;









JK =  KJ = I
KI =  IK = J
IJ =  JI = K :
We can immediately extend the previous algebra by introducing a quantity i whose
square is  1 and commutes with I; J ; K
q
C
= + I + J  +K ; ; ; ;  2 C(1; i) : (1)
1
In this paper we will use the symbols I, J , K instead of the common i, j, k, since we believe
useful to distinguish the quaternionic imaginary units from the complex imaginary unit i which
appears in standard quantum mechanics.
1
Complexied quaternions (1) were introduced in physics to rederive, more elegantly,
all the expressions of special relativity. A review by Synge [6] covers developments
up to the 1960s, modern presentations have been given by Sachs [7], Gough [8] and
Abonyi [9]. Quantum mechanics on the complexied quaternions is formulated by
Morita [4], in his papers we can nd an interesting quaternionic version of the elec-
troweak theory.
Remembering the noncommutativity of the quaternionic multiplication we must spe-
cify whether the quaternionic Hilbert space V
H
C
is to be formed by right or by left
multiplication of vectors by scalars. Besides we must specify if our scalars are qua-
ternionic, complex or real numbers. We will follow the usual choice (see Morita [4])
to work with a linear vector space under multiplication by complex (C(1; i)) scalars
and so the two dierent conventions, represented by right or by left multiplication,
give isomorphic versions of the theory.
In the next section we briey recall the complexied quaternionic algebra and
introduce an appropriate scalar product (or geometry as called by Rembielinski [10]).
In the third section we explicitly give a one-component formulation of the Dirac
equation, even if the wave function is only one-component, we show that four i-
complex independent solutions appear. In the following section we identify a set
of rules which permit translations between complex and complexied quaternionic
quantum mechanics. Our conclusion are drawn in the nal section.
2 Complexied quaternionic algebra and H-real
geometry
Working with complexied quaternionic numbers we have dierent opportunities to
dene conjugation operations on the imaginary units:
number
of I J K i
conjugations
  + +
1 +   + +
+ +  
+    
2   +   +
    +
3       +
Nevertheless the conjugations expressed in the previous chart are not independent, in
fact we can prove that the conjugation operations which change only one imaginary
unit are connected between themselves and with the conjugation of all the three
2
imaginary units through similarity transformations, as in
 I + J  +K =  K(I   J  +K)K ;
 I + J  +K =  I( I   J   K)I :
An analogous observation can be formulated for the conjugation of two imaginary
units
 I   J  +K =  I( I + J   K)I ;
 I   J  +K =  K(I + J  +K)K :
If we now conjugate the imaginary unit i, three possible conjugations appear
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In quantum mechanics probability amplitudes, rather than probabilities, super-
impose, so we must determine what kinds of number system can be used for the




The rst four assumptions on the modulus function are basically technical in nature
N(0) = 0 ;
N(A) > 0 if A 6= 0 ;










A nal assumption about N(A) is physically motived by imposing the correspon-
dence principle in the following form: We require that in the absence of quantum
3
interferences eects, probability amplitude superimposition should reduce to proba-










A remarkable theorem of Albert [11] shows that the only algebras over the reals,
admitting a modulus functions with the previous properties are the reals R, the
complex C, the real quaternions H
R
and the octonions O.
The previous properties of the modulus function seem to constrain us to work with
division algebras (which are nite dimensional algebras for which a 6= 0, b 6= 0 imply
ab 6= 0), in fact
A
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A simple example of a nondivision algebra is provided by the algebra of complexied
quaternions since
(1 + iI)(1  iI) = 0
guarantees that there are nonzero divisors of zero.
So if the probability amplitudes are assumed to be complexied quaternions we cannot
give a satisfactory probability interpretation. Nevertheless we know that probability
amplitudes are connected to inner products, so we can overcome the above diculty
by dening an appropriate scalar product. In order to obtain the right properties of
the modulus functions a possibility is represented by choosing an H-real ( real with
respect to I; J ; K) projection of the complexied quaternionic scalar product
2
:
A = <  j  >
C(1; i)
=
1   I j I   J j J   K j K
4
<  j  > : (2)
The probability amplitude A (now i-complex valued) satises the required properties.
In this paper we will treat a complexied quaternionic quantum mechanics with H-
real (i-complex) geometry.
In the expression (2) we recognize a particular H-real linear complexied qua-
ternion. These objects represent the most general transformation on complexied





j I + r
C
j J + s
C
j K ; (3)
2
The barred operators O j q act on quaternionic objects  as follows












An operator like (3) satises the following relation
O( ) = (O ) ;
for an arbitrary  2 C(1; i), from here the name of \H-real" (real with respect to I,
J and K) or \i-complex" linear operator.
Thanks to H-real linear complexied quaternions we will be able to write a one-
component Dirac equation (characterized by four orthogonal solutions) and will over-
come previous problems.
3 One-component Dirac Equation
Various formulations of the Dirac relativistic equation on the complexied quaternio-
nic eld have been considered since the 1930s. A pioneer, in this eld, was certainly
Conway [12], more recent presentations can be found in the papers of Edmonds [13]
and Gough [8, 14]. When written in this manner a doubling of solutions from four to
eight, occurs.
We briey recall the \standard" complexied quaternionic Dirac equation, as for-
mulated by Edmonds and Gough. If we represent the energy-momentum by the
following complexied quaternion







a relativistic free wave equation is quickly obtained by the substitution



























































































































Q  (I; J ; K) :
We recognize, in the complexied quaternionic Dirac equation, eight orthogonal so-
lutions, whereas the standard Dirac equation involves only four. For ~p = 0, we nd


































































Remember that with H-real geometry j  >, j  > I, j  > J , j  > K represent
orthogonal states. The possible physical signicance of these additional solutions has
been a matter of speculation [15].
We will show (see section 4) that this doubling of solutions is strictly connected














and so there is no \new physics" in the complexied quaternionic Dirac equation. Fi-
nally, we remark that when one works with complexied quaternions, matrix operators
like (9) represent an unjustied limitation.
We now derive, following the standard Dirac approach, a one-component equation
with only four solutions.
In order to obtain a positive-denite probability density , we require an equation
linear in @
t
, then, for relativistic covariance, the equation must also be linear in
~
@.

















P j I +mi j J ;
represent a particular H-real linear complexied quaternion. It is straightforward to
prove that  satises the Klein-Gordon equation, in fact the operators
~ 
~
Q j I ;   i j J (11)
6
verify the usual relations
3

























In order to nd a positive-denite probability density, we must consider an appro-
priate conjugation, noting that
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+ (I; J ; K) terms
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+ (I; J ; K) terms
















2 C(1; i) ) ;
we choose





We need an H-real (i-complex) geometry and a
+
conjugation. Using such geometry,









j I   r
+
C
j J   s
+
C
j K : (13)
We now consider a new equivalent representation for the operators ~ and , which
allows us to simplify the following steps
~  ( J j I; i j K; K j I) ;    I j I : (14)












with the condition that E is positive.
In the rest frame of the particle, ~p = 0, the Dirac equation reduces to
u(m) =  Iu(m)I ;
v(m) = +Iv(m)I :
There are two linearly independent u solutions, and two v's, we denote them as follows
u
(1)
(m) = 1 ; u
(2)
(m) = I ; v
(1)
(m) = J ; u
(1)






















The Dirac equation implies on the spinors u(p) and v(p) the conditions
(E   ~  ~p   m)u(p) = 0 ;
(E + ~  ~p + m)v(p) = 0 ;
so we may write, for ~p 6= 0, the following solutions
u
(1; 2)


























































) + J p
z
)K :









































2 C(1; i) :
All non-diagonal products are H-imaginary ( I; J ; K) and so our four solutions
are orthogonal.









 (; ~) ;
we can quickly extract the standard results, since our 

-matrices, now H-real linear
complexied quaternionic numbers, satisfy the i-complex Dirac algebra. For example,
in order to obtain the relativistic covariance we must assume that, under Lorentz
transformations (x
0
= x), there be a linear relation between the wave function  in
the rst frame and the wave function  
0
in the transformed frame, namely
 
0
= T () ;
with













Considering an innitesimal rotation around z and nding the corresponding transfor-






J j J ; (16)




correspond to positive and negative energy
solutions with S =
1
2

















We can introduce in the Dirac equation a potential A









where e =  jej for the electron.
We will seek a transformation  !  
c



















To construct  
c
we conjugate (* operation) the rst equation and multiply it for i j j












In our representation, it is straightforward to prove that
















which represents the quaternionic version of the charge conjugation operation.
We conclude this section with the following consideration:
























$  iI j I ; i~; $ ( iK; I j J ;  iJ ) : (20)
With this as encouragement we will derive a complete translation in the following
section.
9
4 A possible translation
In this section we give explicitly a set of rules for passing back and forth between
standard (complex) quantum mechanics and our complexied quaternionic version.
Nevertheless we must remark that this translation will not be possible in all situations,
so it is only partial. We will be able to pass from 4n dimensional complex matrices
to n dimensional H-real linear complexied quaternionic matrices.
We know that sixteen complex numbers are necessary to dene the most general
44 complex matrix but only four are needed to dene the most general complexied
quaternion
















2 C(1; i) ) :
Therefore, in order to achieve a translation, we need twelve new complex C(1; i)
numbers. If we work with H-real linear complexied quaternions, these new degrees
of freedom are represented by
 j I +  j J +  j K
(; ;  2 H
C
) :








i 0 0 0
0 i 0 0
0 0 i 0













0 -1 0 0
1 0 0 0
0 0 0 -1












0 -1 0 0
1 0 0 0
0 0 0 1













0 0 -1 0
0 0 0 1
1 0 0 0












0 0 -1 0
0 0 0 -1
1 0 0 0







We can obviously obtain the remaining rules from the previous ones, for example






0 0 0 -1
0 0 -1 0
0 1 0 0














0 0 0 -1
0 0 1 0
0 -1 0 0







With these rules we can translate any 4n dimensional complex matrix into an equiva-















































j I + r
C
j J + s
C





















































































































































































We now give an example of this translation. Consider the spin operator which appear











1 0 0 0
0 -1 0 0
0 0 1 0















= 1 and so the complexied






J j J :
11
In similar way we can obtain all the results given in the third section, we must only
translate from standard (complex) Dirac equation, so we cannot have a doubling of
the solutions.
We conclude this section by giving the matrix S which reduces the complexied
quaternionic matrices used by Edmonds [13] and Gough [8], in this matter we have
elegantly explained the doubling of solutions in their papers
4
.








































1 + i j I   1 j J   i j K  i+ 1 j I   i j J + 1 j K






In this paper we have dened a set of rules for translating from standard (complex)
quantum mechanics to complexied quaternionic quantum mechanics, with our rules
we can obtain a rapid counterpart of the standard quantum mechanical results and
overcome previous diculties (like doubling of the solutions in the Dirac equation).
We remark that there is no \new physics" in the complexied quaternionic Dirac
equation, in contrast with the standard folklore. Nevertheless we emphasize that
our translation is only a partial translation, so observable dierences could be found
between complex and complexied quaternionic quantum mechanics.
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